One aim of cosmic ray measurements is the search for possible signatures of annihilating or decaying dark matter. The so-called positron excess has attracted a lot of attention in this context. On the other hand it has been proposed that the data might challenge the established diffusion model for cosmic ray propagation. We investigate an inhomogeneous diffusion model by solving the corresponding equations analytically. Depending on the propagation parameters we find that the spectral features of the positron spectrum are affected significantly. We also discuss the influence of the inhomogeneity on hadronic spectra.
Introduction
In many particle physics models, dark matter can annihilate or decay into Standard Model particles, which would then propagate in the galaxy and enhance the amount of observed cosmic rays. A major issue for testing this hypothesis is a precise determination of the astrophysical background. Since antiparticles are mainly produced as secondary particles by the spallation of cosmic rays on the interstellar medium (ISM), an estimate of the background contribution is possible.
Before reaching the Earth, the particles propagate in the Milky Way scattering off the magnetic field, eventually suffering from energy losses, annihilation or escape from the galactic halo. It turns out that the cosmic ray spectra are strongly affected by these processes. An appropriate description for cosmic ray transport is provided by diffusion models [1] [2] [3] [4] . However, cosmic ray propagation is far from being completely understood. It gives rise to the main uncertainties in the derivation of the background and thus demands for more realistic and complex models.
In this light the measured positron flux received significant attention as it exceeds the theoretical predictions for the astrophysical background. This observation was first made by the PAMELA collaboration in 2008 [5] , which discovered a rise in the positron fraction e + /(e − + e + ).
Interpretations of this excess consider additional primary sources like dark matter [6, 7] , pulsars [8, 9] or supernova remnants [10, 11] , but the processes responsible for a possible production of positrons are speculative and poorly understood. At the experimental side the situation has further improved with the recent AMS-02 data [12] which resulted in further dark matter studies [13] [14] [15] and background parameterizations including pulsars [16] [17] [18] . See also [19] for a review about the positron excess.
An alternative idea was proposed in [20] [21] [22] [23] [24] [25] [26] [27] [28] , stating that a modified diffusion model could explain the observed positron signal from a purely secondary origin. An interesting inspiration for this assumption is presented in [20, 28] . Studying the spectrum of cosmic antiprotons which are expected to have (mainly) a secondary origin [29] [30] [31] an upper bound on the secondary positron spectrum is estimated which agrees with the data. This hypothesis is encouraged by recent AMS-02 data on the antiproton to positron ratio [32] .
In a model where energy losses are less substantial, for example if the propagation time is reduced, the theoretical prediction for the spectrum would be flatter. This condition can be realized if the diffusion coefficient is taken to increase with galactic height. This approach is motivated by the spatial distribution of the galactic magnetic field which is responsible for the diffusion process. From observations of radio data it is expected to decrease exponentially with distance to the galactic disk (see e.g. [33] ).
As a particle propagates, it experiences fewer disturbances for weaker magnetic field strengths and propagates freely in the limit of large galactic height z. In contrast, close to the galactic disk the field lines may capture a charged particle for a while as the direction is frequently changed. Hence a decreasing magnetic field corresponds to an increasing diffusion coefficient [34] [35] [36] .
A consequence of the spatial dependence is that particles leaving the vicinity of the disk have a lower probability to come back but will rather drift away. This can be understood recalling the escape time which is anti-proportional to the diffusion coefficient [1] . With increasing galactic height z the escape time gets smaller, signifying the decreasing probability of a particle to return to the disk. In opposition to a homogeneous and isotropic diffusion coefficient this implies that particles detected in the disk are less likely to originate from a source which is far away. In other words the radius from where particles reach the Earth is reduced and energy losses become less important. This does not spoil the constraints from secondary to primary ratios of cosmic nuclei as their spectrum is nearly insensitive to the propagation time since energy losses have a much smaller impact on hadronic spectra [37] .
Some special cases of inhomogeneous diffusion can be found in the literature. In the Dragon-package [34] a vertically, exponentially increasing diffusion coefficient is implemented. An updated version also takes the spiral structure of the source distribution into account [38] . Another discussion is presented in [35] where a diffusion coefficient increasing linearly in vertical direction is implemented into the Galprop-code. A similar setting is investigated in [36] studying the influence of the same modification on the antiproton spectrum. In these works it is pointed out that a diffusion model with vertically increasing diffusion coefficient is compatible with B/C and 10 Be/ 9 Be measurements.
All these approaches focus on a numerical treatment, whereas we present analytic solutions for different kinds of vertical inhomogeneous diffusion models for leptons and hadrons 1 . Concretely we consider a diffusion coefficient with an arbitrary power-law and exponential dependence in the vertical coordinate z.
The paper is organized as follows. In chapter 2 we review the isotropic two-zone diffusion model. In chapter 3 we present an analytic solution to the inhomogeneous diffusion equation for positrons and hadrons. We show that the high energy part of the positron spectrum and the B/C ratio can be reproduced in this framework. After a short discussion on the propagation parameters we conclude in section 4. All details of the calculation are sketched in appendix A.
The Isotropic Two-Zone Diffusion Model
The main idea of the two-zone diffusion model [1] [2] [3] [4] is the separation of a source region and a homogeneous, isotropic diffusion halo. In the following we call this model isotropic model. The galaxy is described by a thin disk of radius R = 20 kpc and half-thickness h = 0.1 kpc containing the sources like stars, supernovae and cosmic rays scattering off the ISM. The disk residing at z = 0 is surrounded by a cylindrical halo with half-height L. The solar system is located in the disk at a radial distance R 0 = 8.5 kpc to the galactic center.
In the standard model of cosmic ray propagation the stationary diffusion equation for the particle density N (E, x) reads [41] 
The energy dependent diffusion coefficient K and the diffusion coefficient in energy space K EE responsible for reacceleration are [2, 41] 
where K 0 is the diffusion constant, R rigidity, δ the index of the rigidity dependent slope, p momentum and V a the Alfvèn velocity. The convective wind velocity is perpendicular to the galactic plane V c = V cêz and annihilation Γ ann takes place only in the interstellar disk. β denotes the velocity in units of c. The energy loss term b tot contains losses of all kinds and a term induced by reacceleration
For the sake of simplicity we do not consider convection and reacceleration in the inhomogeneous model discussed in this work. The source term Q(E, x) contains primary and secondary cosmic ray sources. The particle number density N is related to the flux Φ at earth via
At the spatial boundaries Dirichlet conditions are imposed, signifying that particles reaching the edge of the galactic halo escape into outer space. The propagation model depends on five free parameters L, K 0 , δ, V c and V a which have to be determined experimentally. We restrict ourselves to one spatial dimension z, perpendicular to the galactic plane. As the propagation length does not exceed a few kpc, we can safely ignore the radial boundaries (see e.g. [42] ). For positrons the diffusion equation can be solved analytically if only diffusion and energy losses are considered 2 . The two main approaches are based on the use of the image method for Green's functions or an eigenfunction expansion (see e.g. [43] [44] [45] [46] ). For a general source distribution we have
In the case of positrons the diffusion equation can be simplified to
with b 0 = 10 −16 s −1 accounting only for diffusion and energy losses due to synchrotron radiation and inverse Compton scattering [45] . We further set R = p = E as the mass of positrons with respect to their kinetic energy can be neglected. It is convenient to transform the energy E to a new variable
If the diffusion coefficient is assumed to be isotropic we can use the Green's function from [45, 47] 
where we took only the even part in z for symmetry reasons. Assuming that the sources are homogeneously distributed in the galactic disk with half-height h like 
propagation uncertainties e + best fit in sample AMS-02 e + data Figure 1 : The secondary positron spectrum predicted in the two-zone diffusion model compared to the data from AMS-02 [12] . The inner band encompasses propagation uncertainties (see text) and the dashed line indicates the configuration from our sample which best fits the data up to ∼ 20 GeV. Respecting solar modulation the theoretical curves were modified with a Fisk potential of φ = 0.57 GV.
we recover the result from [43] 
The energy integration results in the occurrence of the confluent hypergeometric function. Relevant for observations is the flux at the position of the earth, which is given by
Let us shortly comment on the source term for positrons. A detailed discussion on the derivation of the secondary positron source term can be found in [45] . We recomputed the results numerically with the cross sections from [48] and use a simplified expression for the analytical treatment 3 . This expression is given by
with q 0 ≈ 5 · 10 −27 cm −3 s −1 GeV −1 and γ 0 ≈ 2.65 [23] . The flux at earth for this source term can be found to be
3 An improvement for the cross sections using recent NA49 data [49] would be desirable like it was achieved for the antiproton production cross sections [50, 51] . Table 1 : Propagation parameters which best fit the preliminary data of the B/C ratio from the AMS-02 collaboration as derived in [31] .
which can be obtained from (11) by taking the limit h L. For free boundaries (this is a viable assumption for energies exceeding a few GeV) a simple energy scaling can be found for Φ. It can be shown that (see e.g. [40, 46] )
We compare the full result for Φ to the data from AMS-02 [12] in figure 1 . The propagation uncertainties are estimated by enveloping 500 sets of propagation parameters which are consistent with the most recent boron to carbon data [31] (we neglect convection and reacceleration in figure 1 ). The configuration that best fits the data up to ∼ 20 GeV is indicated by the dashed line. For solar modulation we use the force-field approximation [52] because a more detailed analysis for leptons is challenging (see e.g. [53, 54] ).
Although the data are tolerably described in the low energy regime there is a gap between the prediction from the two-zone diffusion model and the data above ∼ 30 GeV which is known as the positron excess. In the next section we investigate a phenomenologically well motivated modification of the diffusion model in order to find a description for the positron data in the high energy regime.
Inhomogeneous Diffusion
In this section we present an analytic solution to the inhomogeneous diffusion model including energy losses and its impact on the cosmic ray spectra. Following an analytic approach, convection and reacceleration are neglected in this work. The latter can be included in a second step in a semi-analytical approach, similar as in [55] . The existence of convective winds is controversially discussed [56] and is neglected in order to reduce the amount of parameters. This assumption is consistent with recent B/C analyses (see table 1).
Propagation of Positrons
As motivated in the introduction we consider a spatial dependent diffusion coefficient
depending on energy E with 0 ≤ δ < 1 and a general function of the spatial coordinate z.
The diffusion equation (6) is solved for two different functional dependencies of the diffusion coefficient (15) on the galactic height z. Details on the derivation are provided in appendix A.
For f (z) = |z| µ we find the solution for the flux at earth
with
. 0 F 1 denotes the confluent hypergeometric limit function and 1 F 1 is a confluent hypergeometric function like in the isotropic case. ζ n denote the zeros of the Bessel function of the first kind and order − 1−µ 2−µ . We have further introduced a small cutoff ξ to ensure that the diffusion coefficient K(E, z) is non-vanishing in the galactic disk. This is discussed in more detail in appendix A.1. ξ can be understood as a parameter determining the diffusion strength in the galactic plane. We should also point out, that in this model diffusion is smaller than in the isotropic model in the region z < 1 and stronger for higher latitudes z > 1.
The functional form of the inhomogeneous result is very similar to the isotropic one. In the hypergeometric function, k n is replaced by Ω n and the sine and cosine are replaced by the occurrence of the hypergeometric limit function. The isotropic result can be obtained exactly by taking the spatial dependence µ to zero as shown in appendix A.1.1.
The solution for an exponentially increasing diffusion coefficient f (z) = e az with an arbitrary factor a is found to be
L . In the following we want to explore the spectral features of the new models for µ, a > 0. To do so we make use of the behavior of the confluent hypergeometric function in the limits [57] 
Since δ < 1 is evident from secondary to primary ratios [4] the exponent δ − 1 of the energy E in the hypergeometric function is negative. Consequently in the low and high energy regime the flux is proportional to 4
These results agree with the description of different regimes given in [43] for the isotropic case. Let us comment on the high energy behavior of positrons and the implications for the positron excess. The high energy part of the positron spectrum measured at the Earth has a spectral index of about γ = 2.75. There is only a small difference to the spectral index of the source term γ 0 of roughly ∆γ obs = γ − γ 0 0.1. In the inhomogeneous diffusion model this can be realized for a small value of the spectral slope δ if we are still in the low energy regime since we find ∆γ inhomogeneous = δ. Hence for small values for δ the positron spectrum can be fitted if the turnover between the low energy and the high energy regime is shifted by adjusting the parameters in the argument of the hypergeometric function accordingly up to positron energies of ∼ 400 GeV.
Contrarily, in the isotropic two-zone diffusion model this is impossible for reasonable parameters since ∆γ isotropic = 1+δ 2 ≥ 0.5, as derived in (14) . For very small L the same behavior as in the inhomogeneous model could in principle be found which can be seen by inspection of k n . Comparing the solution for isotropic diffusion (11) with the inhomgeneous cases (16) and (17) we find that they have a very similar structure. Concerning the energy dependence, the only difference lies within one characteristic factor, namely k n , Ω n or Λ n in the hypergeometric function and its weights in the sum. We have
The energy dependence is dominated by an overall factor of E −(γ 0 +1) which gets corrections from the hypergeometric function. If L is fixed, we have no further freedom to adjust k n and the isotropic behavior is fixed. In the inhomogeneous cases, µ and a allow for a tuning and we can use it to shift the turnover to energies that are high enough to explain the high energy behavior of cosmic positrons. Under these considerations we present different configurations of the new model with small values for δ in figure 2 , properly fitting the positron data in the high energy regime. We also present the prediction from the isotropic model with the same value for the spectral slope. For the sake of comparison with the other models the diffusion constant was chosen freely, such that it best fits the positron data to energies as high as possible. Note that a small spectral slope δ leads to problems in reproducing the B/C ratio. However, proposes for a vanishing δ for Table 2 : The propagation parameters used in figure 2 and 3 . In all cases we set L = 10 kpc and δ = 0. (11), (16) and (17) with the propagation parameters used in figure 2, given in table 2. Additionally shown is the isotropic case for L = 1 kpc (red dotted line).
positrons can be found in the literature [23] . Vanishing δ is also in agreement with the recent antiproton data from AMS-02 [32] . We can also see in the left plot of figure 2 the outlined feature that in the power-law model, parametrized by µ, the amplitude increases due to the reduced value of the diffusion coefficient in the galactic disk. The influence of the spatial dependence is explained in figure 3 , where the hypergeometric functions for the propagation parameters used in figure 2 are shown. One can see that in the isotropic case the hypergeometric function is nearly constant. The same holds for small inhomogeneities, hence for all propagation parameter sets which do not suffice to fit the high energy part of the positron spectrum. For larger inhomogeneities the curve changes, resulting in a harder spectrum for energies up to some hundreds of GeV. This feature gives rise to the differences observed in the spectra in figure 2 . We also demonstrate that in an isotropic diffusion model with small halo a similar effect is achieved, as also discussed in [45] .
We also want to comment briefly on the choice of the propagation parameters in table 2. One can see from equation (16) and (17) that the position of the turnover in the spectrum depends strongly on K 0 and also on µ or a. Thus for each model of inhomogeneity a specific value for K 0 can be chosen such that the turnover is located at about 400 GeV.
As clearly visible in figure 2 our inhomogeneous model is unable to describe the positron spectrum over the whole energy range. Fitting the high energy part of the positron spectrum a gap appears in the low energy part. One possibility to cure this problem is given by including reacceleration, which is known to give additional contributions to the low energy part of cosmic ray spectra. This is not possible in an analytical way, at least none that we are aware of. We tried to include reacceleration in a semi-analytical framework, but it was impossible to cure the outlined problem of the inhomgeneous model. Another origin of the spectral break in the positron spectrum could rely on the spectral break of proton and helium spectra, observed around 400 GeV/n. As secondary positrons adopt only a fraction of their progenitor's energy, the break could translate into the positron spectrum at energies in the tens of GeV range.
Propagation of Hadrons
Having found a propagation model potentially reproducing the high energy part of the positron spectrum from a secondary origin, we want to check its impact on cosmic nuclei. For the propagation of hadrons energy losses are less substantial but elastic and inelastic interactions have to be taken into account. Similarly as presented in [4, 55] , the spatial parts as well as the energy dependent part of the particle density can be separated and solved. For spatial dependent diffusion we start with
The cutoff ξ ensures that the diffusion coefficient in the galactic plane is non-vanishing. Introducingq
equation (21) can be simplified to
As low energy effects like energy losses and reacceleration are neglected, we find an ordinary differential equation. Applying the leptonic result (one can use (42) setting s = 0) to the power-law case of spatial dependence f (z) = |z| µ results in
We can find Φ by setting z = ξ and solving for N (E, ξ). For an exponential dependence of the diffusion coefficient no cutoff is needed and the result is
For the comparison with the isotropic case let us neglect interactions with the ISM and set Γ ann = 0 and z = ξ or z = 0, respectively. We find
and
for the two different cases of inhomogeneity. We want to study the effects of the spatial dependent diffusion model on the hadronic spectra. Having neglected convection and reacceleration, the solution is applicable to the high energy part (≥ few tens GeV/n) of these spectra. We find that after propagation the flux is proportional to Φ ∝ Q/K ∝ R −(γ 0 +δ) . This corresponds to the same result which is obtained in the isotropic model and satisfies our expectations from a phenomenological point of view as displayed in figure 4 . For the derivation of the B/C ratio we proceeded as described in detail in [31] . The primary spectra of the particle species responsible for boron production are determined from a fit to the data. The cross sections are taken from [58] .
Consequently, the B/C spectrum in the inhomogeneous diffusion model will be proportional to R −δ . From previous studies we know that δ ≈ 0.4 is required to match the data [29] [30] [31] . This is obviously in tension with the very small value of δ which is needed to describe the high energy part of the positron spectrum. However, the assumption that all kinds of cosmic rays propagate with the same parameters is under debate [24, 59, 60] . One possibility to justify the choice of different diffusion slopes for leptons and hadrons is provided by the Nested Leaky Box Model [60, 61] .
The decreasing B/C ratio is explained using the discreteness of the sources and propagation features differing for the circumstellar and the interstellar medium. It has been studied [62] that in the vicinity of supernovae, serving as promising candidates for cosmic ray acceleration, the diffusion coefficient seems to increase with energy. Furthermore it has been conjectured that the energy dependence of the diffusion coefficient weakens for high energies, which is strongly supported by the observation of a spectral hardening in many cosmic ray spectra around rigidity R ∼ 400 GV [63] [64] [65] .
For the secondary production of positrons, nuclei of high energies (≥ 100 GeV/n) are required as the positron carries away only a few percent of the energy of the parent nucleus. As those high energetic primary particles escape from the circumstellar regions quickly, the positron spectrum we observe is mainly produced in the interstellar medium. The harder spectrum of the primary particles is translated into the production spectrum of positrons which then propagate in the interstellar medium where the diffusion coefficient is energy independent.
In contrast, in the secondary production of boron nearly the full energy of the parent nucleus is adopted, so primaries and secondaries have approximately the same energy. The primary cosmic rays responsible for boron production are thus from a far lower energy regime than the ones producing positrons in the energy range of interest. As the escape time from the circumstellar regions decreases with energy τ ∝ R −δ , the amount of produced secondaries also decreases with energy. This gives rise to the observed decrease of the B/C ratio, while positrons do not adopt this spectral feature.
We find that the high energy parts of the spectra can be reproduced in principle in both the power-law and the exponentially inhomogeneous scenarios by choosing different values for δ for leptons and hadrons. We expect that it is possible to fix the mismatch in the normalization for the B/C ratio by adjusting K 0 appropriately. The remaining caveat is the bump in the low energy part of the positron spectrum. Our model is unable to describe this spectral feature. 
Conclusion
The observation of cosmic rays offers the opportunity to study dark matter via indirect detection. A good signal to background ratio is expected for antiparticles. In this light we studied the origin of the observed positron excess by modifying the established two-zone diffusion model, giving rise to a significant change for the spectral features of the background prediction.
We presented an inhomogeneous propagation model with a diffusion coefficient that increases with galactic height. Our approach is well motivated from the spatial distribution of the magnetic field which again is responsible for the diffusion process. For the first time we derived an analytic solution for the inhomgeneous model. Considering two different cases we explored a diffusion coefficient depending on the galactic height first as a power-law and second as an exponential function. The modification reduces the propagation time scale such that energy losses are less relevant. In this model the high energy part of the measured positron spectrum can be reproduced with secondary positrons only. We also pointed out that this is a particular feature of the inhomogeneity. As a drawback, the model in such a setup is in contrast to the isotropic model no longer able to describe the low energy part of the observed positron spectrum.
As a conclusion we claim that the inhomogeneity strongly affects the spectral shape of leptonic spectra and that these effects have to be taken into account for constraining additional primary sources.
Our extended model can be tested experimentally. One feature of the inhomogeneous model is the prediction of a spectral softening in the positron spectrum. This offers a possibility to discriminate its spectral features from a pulsar contribution, where an exponential cutoff is expected. Furthermore the modification implies a reduction of the propagation time, such that the model can be constrained by analyzing the spectra of long lived radioactive particle species, e.g. 10 Be/ 9 Be. Lastly an analysis of synchrotron radiation could quantify the spatial particle density distribution which provides another chance to discriminate between the different models.
In order to check consistency of the inhomogeneous model with other particle species we investigated an analytic derivation of the hadronic fluxes. We found that these spectra are not significantly affected by the modification. This can be understood as energy losses play a minor role for the propagation of nuclei. Further investigation is required to examine whether the high energy part of the positron spectrum and the B/C spectrum can be described with the same set of propagation parameters. However, in the literature the method of using the same propagation parameters for leptons and hadrons is under debate. If the model can further be extended to describe the positron spectrum at lower energies is beyond the scope of this work.
Finally we want to stress how many exciting possibilities are currently offered by indirect detection for the exploration of dark matter. If we want to benefit from the precision data which is expected to be available within the next few years, it therefore becomes a major issue to understand the astrophysical backgrounds better. Going beyond the ordinary two-zone diffusion model a more realistic description of cosmic ray propagation has been achieved in our work. The resulting analytic expressions can easily be applied to future studies.
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A Solving the Inhomogeneous Diffusion Equation for Positrons
We start from the simplified diffusion equation with energy losses and inhomogeneous diffusion
We define a coordinate transformation
and find with the source from (12) a Fokker-Planck equation [44] 
Choosing a general notation, f (z) denotes the z-dependent factor of the diffusion coefficient (15) whose functional dependence is specified in the following sections. We have further introduced ξ for generality and will discuss it in more detail later. The inhomogeneous partial differential equation (30) can be solved by determining the Green's function G(λ, λ s , z, z s ) which is defined by
A Laplace transformation in λ results in an ordinary differential equation with G(λ, λ s , z, z s ) → g(s, λ s , z, z s )
On the next pages we present the solution for a power-law and an exponential dependence of f (z).
A.1 Power-Law Dependence
The diffusion volume is restricted by −L < z < L. For symmetry reasons we can focus on z > 0 in the derivation and extend the result to the full region in the end. The substitution z = χ k with an arbitrary exponent k allows to rewrite (32) with (33) to
Here χ s denotes χ(z = z s ) and at the boundary we define χ L = χ(z = L). Equation (34) can be solved with a Fourier-Bessel expansion which respects the Dirichlet boundary conditions at
The coefficients A n depend on s, λ s and χ s , the second factor is an arbitrary power-law and the third one a Bessel function J m of the first kind and m th order. The ζ n denote the Bessel function's roots such that (35) fulfills the boundary condition g(χ L ) = 0. Inserting (35) into (34) gives
with 
To find the expansion coefficients A n we expand the r.h.s. of (37) into a Fourier-Bessel series after dividing by χ 2
5 By definition a solution to Bessel's differential equation
Bessel function of the first kind and of m th order f = Jm(cx). For a series representation see e.g. [57] .
Here Ω n = ζn kχ L was introduced as a shorthand notation. The expansion coefficients a j can be derived respecting the symmetry of the setting to be
As the Fourier-Bessel coefficients are linearly independent, the relation in (38) holds for each order n = j separately. Thus using (39) we find an expression for each coefficient A n
In total the solution to (32) is given by
Taking the inverse Laplace transform [66] and resubstituting χ = k √ z we find the Green's function
where Θ(λ − λ s ) denotes the Heaviside step function. We can further simplify the spatial dependence by using the identities
to obtain
n (λ−λs) .
(44) The inhomogeneous solution F which is related to the particle density N (E, z) can be found performing a convolution of the Green's function with the inhomogeneous source term
where we resubstituted λ to E after solving the integral in the last step. The number density taking the symmetry in z into account is finally given by 
with Ω n = 2−µ 2 ζ n L − 2−µ 2 . We can obtain the flux at earth by setting z = ξ = 0. This is in principle possible but will lead to convergence problems for the sum, as ζ n → ∞ for n → ∞ and 0 F 1 (α; 0) = 1 but 0 F 1 α; −x 2 → 0 for x → ∞. We therefore set z = ξ = 0 for some small value ξ which acts as a cutoff and ensures further that the diffusion coefficient K(E, z) is non-vanishing in the galactic disk. The result depends on the concrete choice for ξ which can be understood as parameter for the diffusion strength in the galactic plane.
We finally find 
It is also possible to use the source term from (9) where the sources are distributed homogeneously allover the galactic disk and in that case 
with the help of 
This is exactly the known result from [43] and a nice consistency check of our approach.
A.2 Exponential Dependence
Motivated by the spatial structure of the galactic magnetic field we investigate an exponentially increasing diffusion coefficient of the form
We need to find the Green's function for
A Laplace transformation simplifies the problem to an ordinary differential equation for the transformed Green's function g(s, λ s , z, z s ). Furthermore a general substitution e z = χ k yields χ ak χ 2 ∂ 2 χ g + (ak + 1)χ∂ χ g − k 2 sg = −e −sλs |k|χ s δ (χ − χ s ) (56) with the same notation as in A.1. The ansatz (35) allows to transform the differential equation (56) such that is resembles Bessel's differential equation 
For k = − 2 a , l = 1 and m = ±l = ±1 we can use Bessel's differential equation to get rid of the terms containing derivatives. Once more we expand the r.h.s. of (57) into a Fourier-Bessel series and determine the coefficients A n for each term separately. For the Laplace transformed Green's function we find g(s, λ s , χ, χ s ) = 2 |k|
